Abstract: We give a classification and a construction of all smooth (n − 1)-dimensional varieties of lines in P n verifying that all their lines meet a curve. This also gives a complete classification of (n − 1)-scrolls over a curve contained in G(1, n).
a generalization of the result in case n = 3, which is known under another formulation. Indeed, the Grassmannian Gr(1, P 3 ) can be considered, under the Plücker embedding, as a smooth quadric in P 5 . Since the variety of the lines meeting a given line is a singular hyperplane section, congruences with a fundamental line can be viewed as surfaces in P 4 contained in a singular quadric. It is then a classical result that goes back to Roth (see [R] §3) that such a smooth surface is either the complete intersection of the quadric and another hypersurface (if it misses the singular point of the quadric) or the rest of a plane under such a complete intersection. We get an analogous result for any n.
In section 2, we give the list of all possible smooth congruences. For the proof we needed to refine some arguments of [A-G] . The base idea is to lift the congruence as a hypersurface in a desingularization of the variety of lines meeting a curve. Then one obtains a numerical relation from the double-point formula (coming from the fact that we have a smooth subvariety of Gr(1, P n ) with same dimension as codimension), which together with Castelnuovo bound for the genus in two different contexts allows us to conclude. In section 3 we give an explicit construction for all possible congruences we found in section 2, which completes the classification. We point out that all examples for n = 3 (except the congruences of bisecants) extend to any dimension. Moreover an easy argument shows that by the above constructions and [A] we also obtain the complete classification of (n − 1)-dimensional scrolls over a curve, contained in G(1, n).
The results of this paper are just one way to generalize the classical results on congruences with a fundamental curve. Another natural and interesting generalization, which some of the authors are now studying, are the congruences of lines in P n with higher dimensional fundamental locus, e.g. a surface with infinitely many lines through each point of its. The first author wants to thank a Del Amo grant from Universidad Complutense, which allowed him to stay at MSRI for the year 1992/93. The second author also wants to thank G.N.S.A.G.A. of the C.N.R., which allowed her visiting MSRI. They found there a wonderful work atmosphere where they could start collaborating and also completing the paper. We would also like to thank Mark Gross for several useful conversations and ideas. §0. Preliminaries and notations.
As said in the introduction, by a congruence we will mean an (n − 1)-dimensional variety (over the complex numbers) in the Grassmannian variety G(1, P n ) of lines in P n .
We will denote usually by G to this Grassmannian. We will write Ω(A, B) = Schubert variety of lines in G meeting A and contained in B, where A and B are linear subespaces of P n such that A ⊂ B Ω(i, j) = class, in the Chow ring of G, of Ω (A, B) , where dimA = i and dimB = j
We will say that a point P of P n is a k-fundamental point of a congruence Y if there is a k-dimensional family of lines of Y through P . A curve C of P n is a k-fundamental curve for Y if all its points are k-fundamental points. In other words an (n − 2)-fundamental curve is a curve which is met by all the lines of the congruence; in the sequel we will briefly call such a curve a fundamental curve. Given a congruence Y , we will denote a = number of lines of Y passing through a general point of P n b = number of lines of Y contained in a general hyperplane H and meeting a general line of H d = degree of the curve C g = geometric genus of C e = degree of the cone formed by all lines of Y passing through a general point of C We will not consider the case when Y consists of all lines passing through one point, so that we will assume e ≥ 1 for any fundamental curve. Note that, although the (n − 1)-dimensional cycles of G are generated by For this section, we will view G as embedded in a projective space under the Plücker embedding. In this framework, a hypersurface of degree l will mean the intersection of G with such a hypersurface in the Plücker embedding. Proof: Since the case n = 3 is already known, we will assume n ≥ 4. A modern proof for the case n = 3 can be found in [G1] , from where we took the idea for this general proof.
It is easy to see that the Schubert variety Γ = Ω(Λ, P n ) is a cone over the (n − 1)-fold B = P 1 × P n−2 with vertex the point λ ∈ G(1, n) corresponding to Λ. Consider the blow
1) and p : E → B; Then, with standard notations, P ic(B) (P ic(E) resp.) is generated by P
resp.), so that P ic(Γ * ) is generated by E, Q = p * (P Now suppose that, in P ic(Γ * ), it is Y * = αE +βQ+γZ, so that the numerical equivalency
). In case j), one has α = β = γ, so that Y is the complete intersection of Γ with an hypersurface of degree α = a (case i)). In case jj), being n − 2 > 1, the only possibility for a divisor W to be a P n−2 embedded into
, so that β = α and γ = α + 1. Hence Y * = αE + αQ + (α + 1)Z and Y is linked, in the complete intersection of Γ with an hypersurface of degree α + 1, to the image of E + Q in Γ , i.e. to an (n − 1)-fold of degree n − 2 passing through the vertex of Γ (case ii)). §2. Smooth conguences with a fundamental curve In this section we will prove the following (ii) The curve C is a line (and Y is described in Theorem 1).
(iii) The congruence is a scroll (i.e. e = 1) and either C is a conic and a = 1 or 2, b = 2, or C is a plane cubic and a = b = 3 (iv) The curve C is a plane cubic, e = 2, a = 3 and b = 6
We will follow several steps in the proof, that we state as lemmas.
Lemma 3. The fundamental curve C is smooth.
Proof: Consider the subscheme V of G corresponding to lines in P n meeting C. It is singular, and its singular locus is the locus of bisecants to C. This locus has several components: one for each singular point of C (consisting of all lines passing through that point) and another one of the expected dimension two given by the closure of all bisecant lines at smooth points of C. Hence Y is not contained in the singular locus of V unless dim Y = 2 and Y is the congruence of bisecants to C. This case has already be studied in [A-G] , and corresponds to (i) in the theorem.
Let f :C → C be the normalization of C, and L = f * (O C (1)). The scheme V has a natural desingularization given by X = P(f * (Ω P n |C (2)). Call p : X →C the natural projection. Since by definition of fundamental curve Y is contained in V , it has a liftỸ to X. If we are not in case (i), then the map π :Ỹ → Y is birational. If it is not an isomorphism, it must contract a curve E ofỸ (just applying the Zariski main theorem, because Y is smooth). The curve E meets all fibers of p |Ỹ , since none of these fibers is contracted by π. This easily implies that the line represented by the image of E under π is C, which is case (ii) in the theorem. Hence, assuming that C is not a line we have that π is in fact an isomorphism betweeñ Y and Y . This implies that C is smooth. Indeed, if two different points p 1 and p 2 ofC go to the same point of C, then the images of the cones at p 1 and p 2 must have some common line. This contradicts the fact that π is an isomorphism. The same argument holds when p 1 and p 2 are infinitely near points. A precise proof can be found in [G2] . The idea is that the tangent space at a point ofỸ (given by a point p ofC and a line l through it) splits as the sum of the tangent space ofC at p and the tangent space at l of the cone with vertex p. Since this maps isomorphically to the tangent space of Y , hence the tangent space of C at p also maps isomorphically to the tangent space of C at f (p).
Lemma 4. Except for cases (i) and (ii), there is a numerical relation
2d 2 e 2 − 4de 2 − 2e 2 g − 2de − 2eg + 2e 2 + 2e + D(1 + 2e − 2de) + D 2 = 0
(This is the same as (*) in [G2] p. 137).
Proof: The map from X to G is given as follows. First, look at the commutative diagram of exact sequences defining F as a push-out (we will write
The surjection α gives the map from X to G; in particular α is the pullback on X of the canonical map from H 0 (O P n (1)) ⊗ O G to Q, where Q is the universal bundle on G. The Chow ring of X is generated by P ic(C) and t = c 1 (O X (1)), which canonically identifies with the pullback of the hyperplane section of G. The relation among them is given by t n = (n − 1)Lt n−1 , and the class of a point is Lt n−1 . Hence, the class of Y in X can be written as et − D, where D is, by abusing notation, the pullback of a certain divisor D of C (also, when no confusion arises, we will use D for denoting the degree of the divisor). Let us compute from these data the double-point formula for Y . Writing N = N Y /G , we have that a 2 + b 2 = deg(c n−1 (N )). Let us compute each of the members in the formula (most relations will come from the exact sequences in diagram (1)). The pullback to X of the set of lines passing through a point of P 3 is the locus where n sections of the bundle F are dependent. We can apply then Porteous formula (see, for example [F] Thm. 14.4, from where we also keep the notation for the Schur polynomial) and get that
(where we used the notations in [F] , and the fact that in our case ∆ 
Now, it is a straightforward calculation to show that 
Proof: It is the same as in [G2] by getting a contradiction between the relation in lemma 4 and Castelnuovo bound for the genus of non-plane curves.
Lemma 6. In the same hypothesis of lemmas 4 and 5, b ≤ 2a and hence e ≤ 3.
Proof: This is just as in [A-G] , by applying Hurwitz theorem to the map from the curve of lines of Y in P (the plane containing C) to C. The second inequality is a consequence of the first together with (2).
We now complete the proof of the theorem by analyizing separately each of the possible values for e.
1) If e = 1, then the congruence Y is a scroll of P n−2 's over the curve C. More precisely, through each point Q of C, the lines of the congruence Y are those contained in a given hyperplane H Q of P n containing Q. This distribution of hyperplanes is given by the epimorphism in the exact sequence (defining the vector bundle E):
(recall that Y is the zero locus of p , 1)). Since the curve C is plane, we can build the following commutative diagram (defining the sheaf F ):
The injectivity in the right column in (4) comes because otherwise the sheaf F would have rank two, just implying that all lines in the plane P are in the congruence. Putting e = 1 in expression (2), we get that either degD = 0 (and hence a = b = d) or a + b = 3. In this second case, from lemma 6 the only possiblity is a = 1, b = d = 2. So we assume that degD = 0.
Assume the sheaf F appearing in (4) has torsion at some point p of C. This would imply that for each other q in C, the line joining p and q is in the congruence. For d > 2 this contradicts the fact proved in lemma 3 that π is an isomorphism. Hence, F is an invertible sheaf in this case, so it must be 2) If e = 2, it happens as in [A-G] that the curve (of degree a) W in the projective space of hyperquadrics in P n must be plane (just using Castelnuovo bound together with lemma 5). This plane cannot be contained in the locus K of singular quadrics whose vertex is at a given plane P (same proof as in [A-G] , using that the embedded tangent space of K at a cone contains the space of quadrics passing through the vertex of the cone). This locus K is defined by the maximal minors of a 3 × (n + 1) matrix of linear forms. Hence, a ≤ 3, and the only numerical solutions for (a, b) are (2, 6) and (3, 6). The first one is ruled out by lemma 6.
3) If e = 3, the curve W in the space of hypercubics is contained in a linear space A of dimension three. This has to meet K (space of cones with vertex at the plane P ) along a curve. Indeed, the embedded tangent space to K at a cubic cone is contained in the space of cubic hypersurfaces that are singular at the vertex of the cone. Assume that the intersection of K and A contains a surface S. Take a point p of C and let p ′ the point of W representing the cone with vertex p. By assuption, there is a plane in A through p ′ (the tangent plane to S at p ′ ) consisting of singular cubics at p. If a > 3, this plane must meet W in at least another point q ′ (for general p). Hence the cone at the corresponding point q of C is singular at p. When we vary the point p, if the point q also varies, this means that all cones are singular, which is absurd (the general fiber of the mapỸ → C is smooth). This means that there is a point q in C whose cone through it is singular along all points of C. In particular the pencil of lines through q and contained in P should be in the congruence, which is also absurd. Now K is defined by the maximal minors of a 3 × n+2 2 matrix of linear forms (this matrix corresponds to the derivatives of forms of degree 3 with respect to the directions given by the plane P ). Hence, W is contained in the locus of a P 3 given by the maximal minors of a 3 × 4 matrix of linear forms, hence a ≤ 6. The only numerical solutions of (2) are then (a, b) = (3, 12), (4, 12), which are again impossible by lemma 6. §3. Explicit constructions.
Lemma 7. Let C ⊆ P n be a non singular plane curve of degree d.
where L is an hyperplane section of C, E is a divisor on C of degree 1 and S is a normalized rank 2 vector bundle of degree d −2 on C with
Proof: First of all, notice that
Twisting by O(2) and restricting to C, we get
If Λ denotes the plane containing C and
is the projection, denote by Y 0 = f −1 (Ω(1, Λ) ) the ruled surface of lines of X contained in Λ. Let S be the normalized bundle defined by Y 0 = P(S). By the above, Y 0 can be identified with P(Ω Λ (2) |C ) ⊆ P(Ω P n (2) |C ), which implies (3). Now, with the same arguments as in [A-G] , one shows that degS = d − 2, and that the numerical equivalence class of the divisor inducing the map Y 0 → Ω(1, Λ) is C 0 + f . By the way notice also that the class of Y 0 in X is the (n − 2) − th Chern class of (
Construction of case (3, 3)
Here
Notice that, C being a plane curve, the image of X in the grassmannian G(1, n) ∈ P n(n+1) 2 −1 is in fact contained in a P 3n−4 , so that, since dim|t| = 3n − 4, the embedding of X into G(1, n) is given by the whole linear system |t|.
As shown in Lemma 4, the class of Y in X = P(Ω P n (2) |C ), can be written as t − p * D, D being a degree 0 divisor on C.
As D is a divisor of degree 0, then Ω P n (2) |C (−D) is generated by global sections, so |t − p * D| is base point free and a general member is smooth.
Recall from §2 that we have an exact sequence given by the right column of (4) and that we showed that
n−2 ). Since it is mapped to the Plücker embedding of G by the complete very ample linear series | t |, then it is an embedding in G.
For the geometric construction, we observe first that the hyperplanes formed at each point must all contain a fixed linear space Λ of codimension three, which is disjoint with the plane P containing C. Indeed, this comes from the splitting of E. Hence these hyperplanes are defined as the span of Λ and some a line in P . The way of constructing these lines is given in [Go] in the following way. Take a group structure on C such that the origin is an inflection point. Now take a point σ such that 3σ = L − D and fix a point R outside C. For each point p in C, let A and B the points of C in the line defined by R and −p + 2σ.
Then, the line associated to p is the one defined by −A − σ and −B − σ. We do not know how to prove this directly, but just as in [G1] checking that this construction corresponds to the above description and that, for fixed D, the dimension is the same (dimension two for the choice R and also for a section of Ω(2) |C (−D)).
Construction of case (2, 2)
Let C be a conic, contained in a plane L in P n . By Lemma 7, the sheaf Ω P n (2) |C is
As X = P(Ω P n (2) |C ) we can write X = P(⊕ n−2 O P 1 (2)⊕(⊕ 2 O P 1 (1)). Let us consider now the linear system |t|. As h 0 (O X (t)) = 3n − 2 and G(1, n) ⊂ P n(n+1) 2 −2 , the map f :
Claim. A smooth scroll with a = b = 2 comes from an element Y ∈ |t| of one of the following types:
Proof of claim:
The exact sequence (3) in §2 becomes
We look at the different possibilities for E depending on the composed map
(ii) If ϕ is (after changing basis) zero on one factor O P 1 (1) and different from zero on the other, then E contains the first O P 1 (1) as a direct summand. The complement of this will be an extension of O P 1 (3) (this is the cokernel for a general monomorphism of bundles
(iii) If ϕ = 0, then Y = P(E) must contain P(Ω P 2 (2) |C ), which would imply that all the lines in L through any point of C are in the congruence. This is a contradiction.
The case (ii) occurs on an open subset of the locus defined by a quadric equation in V ′ . Hence, we can find a variety Y in case (ii) not defined by an element of V . We want to prove now that if Y is not in V , it is mapped isomorphically in G(1, n).
Let us consider the sequence
the grassmannian is determined by a complete linear system, which is in fact very ample. This concludes the proof.
We now furnish an example of geometric construction of the two possible scrolls of bedegree (2,2) quoted in cases (i) and (ii) of the claim above, generalizing some examples of [Go] to the case of higher dimension.
Case (i). Let L be a 2-plane into P n and C a smooth conic on it, and let Λ be a P n−3 skew with L. For each point p ∈ C take the tangent line t p to C at p, consider the P n−1 = [Λ, t p ] spanned by Λ and t p and denote by Σ p the P n−2 of the lines through p contained in [Λ, t p ]. A model for Y is generated by the Σ p 's when p varies inC. Case (ii). Let L and C be as above and take a point p 0 in C. Each P n−2 = Σ p of the lines of the congruence Y through a point p of C generates a P n−1 passing through p 0 , the P n−1 generated by Σ p 0 is tangent to C at p 0 but does not contain L.
Construction of case (1, 2)
In this case, we obtain that the exact sequence (3) in §2 is 0 → O P 1 (1) → O P 1 (1) 2 ⊕ O P 1 (2) n−2 → E → 0
From this we immediately get (since the map O P 1 (1) → O P 1 (1) 2 is not zero) that Y = P(E) = P(O P 1 (1) ⊕ O P 1 (2) n−2 ). The map to G is given by the complete linear series of the canonical O(1) for E, which is very ample, so that we get a smooth congruence. The geometric interpretation is as follows. The curve inP n of the hyperplanes defined at points of C has degree a = 1, so that all these planes must be contained in a linear subspace Λ of codimension two. Hence all lines in the congruence meet C and Λ. The set of lines meeting both C and Λ defines a congruence with a = b = 2, so that it contains another congruence with a = 1 and b = 0. This implies that Λ meets C in one point and Y consists of the closure of all lines meeting Λ and C in points different from C ∩ Λ.
Remark: For n = 4 the only (n − 1)-dimensional scrolls over a curve contained in G(1, n) are the three ones constructed above (cases (3, 3), (2, 2) and (1, 2)). Indeed it is easy to see that, for n = 4, the only linear subspaces of dimension n − 2 contained in G(1, n) are the Schubert cycles Ω(0, n).
For n = 4 the linear subspaces of dimension 2 contained in G(1, 4) are the Schubert cycles Ω(0, 4) and Ω(1, 3). Hence in this case one has also to consider the scrolls whose
